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ABSTRACT
This article proposes a new interpretation of the sigmapoint kalman filter (SPKF) for parameter estimation as
being a statistically linearized recursive least-squares algorithm. This gives new insight on the SPKF for parameter estimation and particularly this provides an alternative proof for a result of Van der Merwe. On the other
hand, it legitimates the use of statistical linearization and
suggests many ways to use it for parameter estimation,
not necessarily in a least-squares sens.
Index Terms— Recursive least-squares, statistical
linearization, parameter estimation.
1. INTRODUCTION
The Unscented Kalman Filter (UKF) [1] has recently
been introduced as an efficient derivative-free alternative to the Extended Kalman Filter (EKF) [2] for the
nonlinear filtering problem. The basic idea behind UKF
is that it is easier to approximate an arbitrary random
variable rather than an arbitrary nonlinear function. It
uses an approximation scheme, the so-called unscented
transform (UT) [3], to approximate the statistics of interest involved by Kalman equations (the filter being
seen as the optimal linear state estimator minimizing
the expected mean-square error conditioned on past observations). More generally, a Kalman filter for which
statistics of interest are computed by approximating the
random variable rather than the nonlinear function is
called a Sigma-Point Kalman Filter (SPKF) [4]. UKF,
but also Divided Difference Filter (DVF) [5] or Central
Difference Filter (CDF) [6] for example, belong to the
SPKF family.
A special form of SPKF, which is the case of interest
of this paper, is SPKF for parameter estimation [4]. In
this setting, the aim is to estimate a set of stationary
parameters instead of tracking a hidden state. It is a
simpler case than the general SPKF, because the evolution equation of the corresponding state-space model is
at most a random walk. However, it is a case of interest,
notably for the Machine Learning community, as it is

an efficient derivative-free learning method providing an
uncertainty information which can be useful (e.g., for active learning or the exploration/exploitation dilemma in
reinforcement learning [7]). SPKF for parameter estimation has been used successfully for supervised learning [8]
and even for reinforcement learning [9]. In this article, it
is shown how the SPKF for parameter estimation can be
obtained from a least-squares perspective using statistical linearization. This gives new insights by linking recursive least-squares to SPKF and suggests that statistical linearization can provide useful for other optimization
problems than pure L2 minimization. An interpretation
of (general) UKF as performing a statistical linearization
has been proposed before [10]: the state-space formulation of the filtering problem is statistically linearized,
which is quite different from the proposed least-squaresbased approach.
Sec. 2 introduce some necessary preliminaries about
statistical linearization and recursive least-squares.
Sec. 3 provides the derivation of the proposed statistically linearized recursive least-squares approach. Sec. 4
shows that the proposed method actually allows to obtain any form of SPKF for parameter estimation. It
is also shown that the proposed approach can be seen
as an alternative proof for a result of [4], stating that
SPKF for parameter estimation is a maximum a posteriori (MAP) estimator. Sec. 5 proposes some perspectives
of this work.
2. PRELIMINARIES
In this section statistical linearization and linear recursive least-squares are briefly reminded. For ease of notations, a scalar output is assumed through this article,
however the presented results extend easily to the vectorial case.
2.1. Statistical linearization
Let g : x ∈ Rn → y = g(x) ∈ R be a nonlinear function. Assume that it is evaluated in r points (x(j) , y (j) =

g(x(j) )). The following statistics are defined :
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Statistical linearization consists in linearizing y = g(x)
around x̄ by adopting a statistical point of view. It finds
a linear model y = Ax + b by minimizing the sum of
squared errors between values of nonlinear an linearized
functions in the regression points:
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The least-squares solution is classically obtained by zeroing the gradient of the cost function Ji (θ), which gives
the least-squares (LS) estimate:

θiLS

The parameter vector θi can be estimated online by being
updatedPfor each new observation. For this, the matrix
i
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j
puted recursively by using the Sherman-Morrison formula:
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By injecting Eq. (13) into Eq. (12) and by assuming that
some priors θ0 and P0 are chosen, the recursive leastsquares (RLS) algorithm is obtained:
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The solution of Eq. (5) is given by [11]:
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Moreover, it is easy to check that the covariance matrix
of the error is given by:
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For now, how to choose regression points has not been
discussed. This is left for Sec. 3.
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This RLS formulation provides useful for the statistical
linearization of nonlinear least-squares presented in the
next section. Notice that this estimator does not minimize Ji (θ), but a regularized version of this cost function:


T
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(17)
0 (θ − θ0 )
θ

From a Bayesian point of view, the LS estimate can be
seen as a maximum likelihood (ML) estimate whereas
the RLS estimate can be seen as a maximum a posteriori (MAP) estimate. From now, this difference is no
longer specified, as it is clear from the context (batch or
recursive estimation).

2.2. Linear recursive least-squares
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Assume the following linear observation model:
yi = θT xi + vi

(9)

Assume the following nonlinear observation model:

n

where xi ∈ R , yi ∈ R and vi is a white observation
noise of variance Pvvi . Least-squares approach seeks
at estimating the n × 1 parameter vector θ by minimizing the squared error among i observed samples
((x1 , y1 ), . . . , (xi , yi )):
θiLS = argmin Ji (θ)
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i
X
2
1
yj − θT xj
P
j=1 vvj

(11)

yi = fθ (xi ) + vi
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where xi ∈ Rn , yi ∈ R, vi is a white observation noise of
variance Pvvi and fθ is a parametric function approximator of interest (for example an artificial neural network
for which θ specifies synaptic weights [12]). For a set of i
observed samples, the least-squares solution is given by:
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To address this nonlinear least-squares problem, the nonlinear observation model is statistically linearized (see
Sec. 2.1):
yi = Ai θ + bi + ei + vi
(20)
At this point, it should be noted that a set of points has
to be sampled so as to perform statistical linearization,
that is to compute Ai , bi and ei . For now, this is left as
an open question, this problem being addressed later.
Let ui = ei +vi be the noise associated to observation
model (20). Noises vi and ei being independent, the
variance of ui is given by Puui = Pvvi +Peei . Observation
models (18) and (20) being equivalent, the least-squares
solution can be rewritten as:
θi = argmin
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θi = θi−1 + Ki (yi − bi − Ai θi−1 )
Pi = Pi−1 − Ki Puui +
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Injecting Eq. (30) and (32) into Eq. (23) gives (recall also
that Puui = Pvvi + Peei ):
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Injecting Eq. (30-31) into Eq. (24) gives:
θi = θi−1 + Ki (yi − bi − Ai θi−1 )
= θi−1 + Ki (yi − (ȳi − Ai θi−1 ) − Ai θi−1 )
= θi−1 + Ki (yi − ȳi )
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The problem of choosing a specific statistical linearization is now addressed. With the recursive formulation, θi−1 and Pi−1 are known, and the issue is to
compute Ai and bi . A first thing is to choose around
what point to linearize and with which magnitude. Recall that the previous estimate θi−1 is known. Moreover,
the matrix Pi−1 can be interpreted as the variance matrix associated to θi−1 . It is thus legitimate to sample
(j) (j)
r points (θi , yi = fθ(j) (xi )) such that θ̄i = θi−1 and
i
Pθθi = Pi−1 . The following statistics are thus available
(how to sample these r points is discussed in Sec. 4):
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The noise variance induced by the statistical linearization is given by (see again Sec. 2.1):
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Using the Sherman-Morrison formula, a recursive formulation of this estimation can be obtained (see Sec. 2.2):
Ki =

The solution to the statistical linearization problem is
thus (see Sec. 2.1):

1 X (j)
y
r j=1 i

(26)

Injecting Eq. (32) into Eq. (25) gives (recall again that
Puui = Pvvi + Peei ):
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Eq. (35), (38) and (40) define the statistically linearized
recursive least squares (SL-RLS) algorithm:
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The last question to answer is how to sample the r points
(j)
θi such that θ̄i = θi−1 and Pθθi = Pi−1 .
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4. LINKS TO SPKF FOR PARAMETER
ESTIMATION
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A first natural idea to sample these r points is to assume
a Gaussian distribution of mean θi−1 and of variance
matrix Pi−1 and to compute statistics of interest using a
Monte Carlo approach. However, more efficient methods
exist, notably the unscented transform [3]. It consists
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in deterministically sampling a set of 2n + 1 so-called
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where κ is a scaling factor whichcontrols the accuracy
of

p
the unscented transform [3] and
(n + κ)Pi−1 is the
j

j th column of the Cholesky decomposition of the matrix
(n + κ)Pi−1 . The image of each of these sigma-points is
computed:
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Van der Merwe. This result [4, Ch. 4.5.1] states that the
SPKF for parameter estimation algorithm is equivalent
to a MAP estimate of the underlying parameters under a
Gaussian posterior (and noise distribution) assumption.
Theorem 1 (SL-RLS estimate is a MAP estimate). Assume that prior and noise distributions are
Gaussian. Then the statically linearized recursive leastsquares estimate is equivalent to the maximum a posteriori estimate.
Proof. By construction, with priors defined by θ0 and
P0 , the SL-RLS estimate minimizes the following regularized cost function:
θi = argmin
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On the other hand, the MAP estimator is defined as (and
using the Bayes rule):
θiMAP = argmax p(θ|y1:i )
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As a non-equiweighted sum can be rewritten as an equiweighted sum by considering some of the terms more
than one time (by assuming that weights are rational
numbers, which is not a too strong hypothesis), the unscented transform can be interpreted as a form of statistical linearization.
If the unscented transform is considered as the statistical linearization process, than the SL-RLS algorithm,
that is Eq. (41-43), is exactly the UKF when no evolution
model is considered in the state-space model. In other
words, SL-RLS is the UKF for parameter estimation. In
a similar way, if the scaled unscented transform [13] is
used to perform statistical linearization, SL-RLS is the
scaled UKF for parameter estimation. If the statistical
linearization is performed using a Sterling’s interpolation, SL-RLS is DDF or CDF for parameter estimation.
So, generally speaking, depending on the scheme chosen
to perform statistical linearization, SL-RLS is SPKF for
parameter estimation.
This interpretation of the SPKF for parameter estimation as being a statistically linearized recursive leastsquares algorithm allows to provide an alternative, simpler and requiring less assumptions proof of a result of
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As the observation noise is white, the joint likelihood
is the product of local likelihoods, and the probability
p(y1:i ) does not depend on θ, so:
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Finally, maximizing a product of probability distributions is equivalent to minimizing the sum of the negatives
of their logarithms, which gives the result:
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This alternative proof is shorter than the original one.
But above all it does not assume that the posterior distribution is Gaussian, which is a very strong assumption
for a nonlinear observation model.
5. PERSPECTIVES
In this article a statistically linearized recursive leastsquares algorithm has been introduced. It has been
shown to be actually the SPKF for parameter estimation algorithm. This gives new insights to sigma-point
Kalman filters by showing that they are generalizations
of a statstically linearized least-squares approach. This
new point of view allowed to provide an alternative proof
of a result stating that without evolution model, SPKF
estimate is the maximum a posteriori estimate. The
proof proposed in Sec. 4 is shorter and above all it does
not assume a Gaussian posterior, which is a very strong
hypothesis in the case of a nonlinear evolution model.
The technique of statistical linearization can be applied in much more general problems than the L2 minimization addressed in this paper. The fact that statistically linearized recursive least-squares is indeed a special form of sigma-point Kalman filtering tends to justify this approach. Interesting perspectives can be (but
are not limited to) the application of this general statistical linearization to L1 minimization (e.g., [14]), L1
regularization (e.g., [15]) or fixed-point approximation
(e.g., [16, 17]).
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